COMPACTNESS OF THE NEUMANN-POINCARE
OPERATOR

BY
E. J. SPECHT AND H. T. JONES(*)

1. Introduction. The Neumann-Poincaré integral equation arises in connection
with the Dirichlet and Neumann problems of potential theory and in connection
with conformal mapping. Warschawski [6] has proved the compactness of the
integral operator involved here under what seem to be natural smoothness con-
ditions on the boundary curve, for the case where the boundary is a single contour.
Because this proof relies heavily upon complex function theory, it does not extend
easily to higher dimensions. It is the purpose of the present paper to give a proof,
for the case of several contours, which will extend readily to higher dimensions.

2. Definitions. Let %#,,..., #, be bounded nonintersecting contours in the
plane whose interiors are disjoint, and let Z; be the standard representation(?) of %;.
Let 5s,=0, let s; be the sum of the lengths of #,, . . ., #,, and let £ =0, s,]. Let { be
the function defined on £ so that {s={,s for all s in [0, s,] and {s={;(s—s;-,) for
all sin (s;_4, 5,], j=2, ..., m, and let # be the range of {.

Let A be the function defined for all ordered pairs (s, ¢) such that {s and {¢ both
belong to %, for some j=1,..., m as follows:

A(s, 1) = s—t if |[s—t| < 3(s;—5-1);
= (s—t)+(s;—s;-1) sgn (t—s) if [s—t] 2 3(s;—s;-1).

A function o defined on # will be said to satisfy a Holder condition on & if and
only if |as—at| £ a| A(s, t)|° for some numbers a and b such that a>0and 0<b<1.
Continuity on 4 is defined analogously. Also, the derivative De of « is that function
whose value at ¢ is lim 4, o (s — it )/ A(s, ©).

It is assumed that £ has a derivative D{ which satisfies a Holder condition on &.
If {=¢+in, then D¢ and Dy satisfy the same Holder condition on & as does D{.

3. The space Z and the operator T. Let ¢ be a number such that ¢> |{s— {z] for
all s and ¢ in £, and let the function A be defined on # x £ (except at points (s, ¢)
where {s={t) by the equality A(s, #)=Ilog (c/|{s—{t|). For any function o« defined
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(®) A contour Z is the range of a mapping « of a closed interval [a, b] into the plane such
that « is continuous and of bounded variation, « is one-to-one on [a, ) and ca=eb. If ot
denotes the total variation of « on the interval [a, ¢] for every ¢ in [a, b], and if o* is the inverse
function of o, then the composition ao* is the standard representation of %.
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on 4, let the function M be defined by the equality M(s, ¢)=(«s)(et)A(s, t). Then,
if the double integral [, s M exists and is finite, it will be denoted by |«

In subsequent proofs, use will be made of the fact that if ||«||? exists, then so do
the corresponding iterated integrals, and the three are equal.

THEOREM 3.1. If « is a continuous function on £, then |«||2Z0. Moreover,
|«||2=0 if and only if «=0.

A proof of this theorem for the case of a single contour with continuous curva-
ture is given on pages 157-159 of [1].

LEMMA 3.1. If ||«|? exists and is finite, then « is summable on #.

Proof. If ||«|? exists, then [" as at A(s, t) ds exists for almost all ¢ in #, which
implies that, for almost all ¢ in #, the function «- A(, t), where . is the identity
function from £ to £, is summable on .#. Moreover, 1/A(., t) is continuous on
# —{t} and bounded there. Therefore « is the product of a summable function and
a bounded measurable function; hence it is summable on .£.

THEOREM 3.2. If ||«||? exists and is finite, then |22 0.

Proof. This theorem can be proved by making use of ideas in the proof of
Lemma 1, p. 9, of [6].

It can be shown that, if |«||2 and ||B]? exist and are finite, then the integral
{4 s P, where P(s, t)=(as)(Bt)A(s, t), exists and is finite. This shows that the set
of all functions « such that ||«|? exists and is finite can be regarded as an inner
product space with the inner product <{e, 8> given by the above integral. Let two
functions « and B of this space be called equivalent if and only if |«—8| =0, and
let a representative be chosen from each equivalence class. Let & be the inner
product space of representatives.

To discuss the classical Neumann-Poincaré integral equation, it is convenient
to introduce the linear operator T in £ defined as follows. Let I' be the function
defined for each pair (x, y) of real numbers such that x2+ 20 by the equality

[(x, y) = log (c/v/(x*+y%)),
let D,I' be its directional derivative in the direction of the vector u,= — Dt
+iD¢t, and let

K(s, t) = (l/ﬂ)Du‘F(fS—' £t, ps—nt),

for each ordered pair (s, ¢) in £ x £ except (s, 0), (0, 5,), and those for which s=¢.

Since K is continuous on £ x .# except on a set of measure zero, it is measurable
there. Moreover (see §6, Property (iii)), because the function whose value at s is
{5 |K(s, 1) satisfies a Holder condition on 4, it is bounded and measurable on .#.
If |«||? exists, then, by Lemma 3.1, o is summable on .#, and it follows that the
integral 3" [ |asK(s, t)| dt ds exists. Then, by Fubini’s theorem, the function T«
whose value at ¢ is [ 5 (@ K(s, t)), is summable on .£.
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THEOREM 3.3. If |«||? exists, then || Te|? exists.

Proof. It is not difficult to show that the function H such that
H,0) = [ (K 9186 1)

is continuous on £ x # (see §6, Property (v)) and then that, for every function « for
which ||«||? exists, the function B such that Bx= [, (|| - H(:, x)) is continuous on ..
If |«|? exists, T« is summable on .#, and hence [, (8-|T«|) exists. But

Lmuw=£ﬂ?fwﬂmxmmmwmmam=mm

by virtue of a generalization of Fubini’s theorem to three-place functions. This
completes the proof.

_Therefore T is an operator in . For n=2,3,4,..., Ttat= [, (« K., 1)),
where K, (s, )=, (K,-1(s, v)- K(:, 1)) and K, =K. Since the function H for which
H(s, )= 4 (K(s, ©)- A(s, 1)) has the property that H(s, )= H(t, s), as can be shown
from Green’s second identity, it follows that, for every « and B in &, (T«, B)

=<a, IB).

4. Definition and properties of Q,. In classical potential theory (see, for ex-
ample, [5, p. 299]), it is shown that there exists an orthonormal set {g,, . . ., @,} of
functions such that Te,=¢, for j=1,..., m. Moreover, these functions have the
properties that, for some nonzero real numbers ¢y, . . ., Cp,

S,
j’ oo = ifk=]

S§-1

0))
=0 ifk#j

for k, j=1,..., m, and

L (@, AGs, ) = e, if Lse B,

=0 iflsegkforkiéj,

@

for j=1,..., m. Since ¢,=T"p, for j=1,..., m and for every positive integer n,
it follows from Property (iv) (see §6) that the ¢’s satisfy a Holder condition on 4.

THEOREM 4.1. If n is a sufficiently large positive integer, there exists a function Q,
such that, for each s and t in £, K,(s, t)= j 5 (Q,(, 1) A(e, 8)), and, for each t in £,
Q,(i, t) is continuous on &.

For a proof of this theorem, see [6, p. 15].

Let I be the identity mapping of the complex plane onto itself, and, for each ¢
in £, let @, t) be the solution of the exterior Dirichlet problem for # with
boundary values K,(, t). Since, for each ¢ in £, D;K,(,, t) satisfies a Holder



356 E. J. SPECHT AND H. T. JONES [June

condition on & if n is sufficiently large (see §6, Property (vii)), it follows (see [3,
p. 111]) that for each (s, ¢) in JF x Z, lim,_ Dusd);(z, t) exists, and the function
whose value at s is given by this limit is continuous on #. Therefore, since the
operator T is compact in Z,[0, s,] (see [7, pp. 326-329]), it follows by the Fred-
holm theory that there is a function Q, such that Q,(., ¢) is continuous on # and
such that

lim ®.(z,¢t) = 0
2- 00
and
lim Du,(_l),(z, t) = lim ®(z, t),
z-{s z-s
where

8.0 = [, @ 0)-log ellz—11)

forall in Sfand all z in 4,, the unbounded region determined by #. Since ®,(/, t)
—®,(I, t) is a function which is harmonic in #, and whose normal derivative is
zero on %, it follows by the uniqueness, to within an additive constant, of the
solution of the Neumann problem, that there is a function y on .# to # such that

DUz, t)—O(z, 1) = yt

for all z in %,. An explicit expression for the function Q, whose existence is
asserted in Theorem 4.1 is given by the equality

Q,(, t) = ﬁn("a )+ (yt)o,

where w=37_; c;p,.
Let

0z,1) = [ (s, 1)log cllz—11)
for each z in %;, where %, is the union of the interior regions determined by %, let
¥,(s, 1) = lim D, 9i(z, 1),
let
@z, 1) = [ (@l 1)-log (ellz—11)
for each z in 4,, and let

¥,(s, t) = lim D, ,®,(z, t).
2—s

Then, by the well-known behavior of the normal derivative of the potential due to a
single-layer distribution,

3 Q, = (1/2m)(¥.—¥3).
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LeEMMA 4.1. There exist functions A; and A, such that, for all t in £,

(4) 5 fsm Ai(s’ t)Du‘F(x—fs’ y__.,]s) ds = (D,-(Z, t)
0
for all z in B;, where z=x+iy; and

1 j e A(s, t)D, I'(x—¢&s, y—ms) ds
®

4

+[* (3, @odmn—@on) log 5y dstye = 0tz 0
0 \j=1 |{s—z]
for all z in B,. Moreover, for each s in £, D;A(s, ), DiA(s, ), DAL, s), and
D, A, (., 5) exist and satisfy Hélder conditions on &, uniformly with respect to s.

Proof. Since lim,_, ., ®,(z, #)=K,(v, t), one can show, by using the well-known
discontinuous behavior of a potential arising from a double-layer distribution and
the uniqueness of the solution of the Dirichlet problem, that there exists a function
A; satisfying equation (4) if and only if the integral equation

©) Ao, D)+ L (A 0)-K@, ) = Koo 1)

has a solution. Since (see [7, pp. 326-329]) the operator T is compact in %[0, s,,],
the Fredholm theory is applicable. The homogeneous equation corresponding to
(6) has no nontrivial solutions, and hence for each ¢ in £, equation (6) has a unique
solution A(, t). It satisfies the equation

M A0 [ (060K = 3 (<KD

for each positive integer p, as may be proved by induction on p, equation (6) being
the statement for p=1. A solution of this equation for the case where p=2n is
given by the expression

2n—1

M= 3 (- 1)f[1<,.+,(v, £)+ L (Kns i 1) PO, L»],

where P is the Fredholm resolvent for the kernel K,,. From this expression it
follows that A; is bounded on £ x £ and Ay(v, ¢) satisfies a Holder condition on &
uniformly in v, since the functions Y73 (—1)’K, ,,; and P are both bounded on
# x £, and the function >2*3! (— 1)K, , (v, +) satisfies a Holder condition on #
uniformly in v (see §6, Property (iv)). Moreover, if p is taken to be 2n in equation
(7), it follows that, for each v in £, D;A(v, 1) exists and

2n-1

® DA = fj (A 0 DK, D+ 3 (~1YDue s (),

differentiation under the integral sign being justified because Ai(c, t)- D; Ky, (v, 1) is
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summable for all vand ¢ in .#. Now from the facts that D, K, is bounded on # x ¥
and that DK, (v, v),. .., DKz, _1(v, ©), and Ay(v, «) satisfy Holder conditions on #
uniformly with respect to v, it follows by (8) that D;A(v, +) satisfies a Holder
condition on %, uniformly with respect to v.

Furthermore, since A; is bounded on £ x.# and D;K,(., t),..., D;K3,_1(s, 1)
satisfy Holder conditions on # uniformly with respect to ¢ (see §6, Property (iii)), it
follows from (8) that D, AL, ¢) satisfies a Holder condition on %, uniformly with
respect to ¢. Similarly, D,A; is bounded on £ x.#. This completes the proof of
the statements about A; in the lemma.

A similar treatment of ®, is impossible because the integral equation corre-
sponding to (6) in this case would be

Ao, 0= [ (A 1)K, 9) = ~ Ko, 1),
which has no solution because the associated homogeneous equation
Ao, 0= [ (86 1K) = 0
r

has solutions which are not orthogonal in %[0, s,,] to the function —K(., ?).
However, the integral equation

8, 0= (00K, ) = =Ko, 0+ 3 ()it

where po={, (¢, Ay, ¢)), does have a solution A, ¢), which then has the
properties that

lim 5z, 1) = Ko, )= 2, (u0)(est)
= j=1
and lim,_, , E(z, t)=0, where
B(z t) = (I/m) fo " A5, YD, T(x— &5, y—ns) ds,

z=x+1iy. Hence the function whose value at z is

m
e, 1)+ 2, (o4t [, (@r-log @llt-zD),
i=1
has the same limit on & as does ®.(Z, t), but its limit at infinity is zero, whereas

lim,, , ®/(z, t)=yt. From these considerations, equation (5) follows.
As can be proved by induction, A_(:, ¢) also satisfies the equation

80,0 [ (46 1Ko, ) = —:io Kouso, 1) +p jZ (wo)@st),
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for each positive integer p. A solution of this equation for the case where p=2n is
given by the relation

2n-1 m

Ao, 1) = — ,Zo Ky 110, 1) +2n j_zl (u0)@st)

+L ((12: Ko v, 1) +2n é (%t)m) “P(o, ‘))-

The argument to show that D, A, has the properties stated in the lemma now pro-
ceeds like that for D, A,.

LEMMA 4.2. For each s in F, Q,(s, ) is continuous on &, and the continuity is
uniform with respect to s.

Proof. For each (s, t) in # x £,

Vs, 1) = L (DuAG, 1) EG, 5))

and

¥60) = [ (Db ) EG )+ S, o))

=1
where

E(v, s) = (1/2m)[(és— Ev)(Dés) + (ns — nv)(Dms) )/ [(€s — €v)* + (ns —qv)?],

and where the Cauchy principal value of each integral is understood (see [2, p. 46]).
Now if r is a sufficiently small positive number, there exist functions 6, and 0,,
defined on the set

{v:0 < |A(v,5)| =1},

such that
[0v—s| < |A(, 5)), |00—5| < |A(v, 5)|,
and
E(v, s) = Z(v, )/ A(s, v),
where

Z(v, 5) = [(DEG,v)(DEs)+ (Dnb3v)(Drs))/[(DE610)* +(Dnbv)?].

Also, for each sufficiently small positive number r, there is a positive number «r
such that | E(w, s)| <«r for all (w, s) in the set

IxI—{(w,s):|Aw,s)| £ r}.

For each s in 4, let B; be the inverse of the function A(s, ¢), and let v, =B,(—r)
and v,=p,r. Then, by Lemma 4.1, there exist numbers f; and g, such that f; >0,
0<g, =1, and for all A for which (¢+h) € £,

['¥i(s, t+h)—Fi(s, t)| £ 2(xr)fism|A@+h, )|

+| ) [ (DG, +1)= D, 0)- B 9)] |
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Since D¢, Dy, and D, Ay, t) satisfy Holder conditions on # and since (D¢)?
+(Dn)?=1, it can be shown by standard arguments (see, for example, [4, §6, 2°
and 3°)) that, for r sufficiently small, for some positive number 4, and some d,
such that 0<d, <1, for all s in £, and for all u such that O<u<=r,

| D1 8((B(—u), )Z(B(—w), s)— D1 A(Bsu, 1)Z(Bsu, 5)| = di|2u|%,

whence

(cpv) j " (DA 1)-EG, 5))

lim
q-0+

Jim | [ (D=1, Z(B(~1),5)= DuBat, )Z(Ba )], s

lim 2d2 dl(rdz_qda)

q-0+ dz

8(— @) V2
L (DyAGs 1)-EG, )+ L ' (Due 1) B 5)

IA

= d,(2r)*z/d,.

The integral

(cpo) f ® (DA t+h)-EGy 5) |,
v1
can be treated in exactly the same way. Therefore
|¥(s, t+h)—F (s, 1)| < 2(xr)f1Sn|h|%r+2d,(2r)%2/d,.
By choosing r sufficiently small, and then 4, it is possible to make
I‘F,'(S, t+h)_‘1’i(sa t)l

arbitrarily small, and the choice of 4 is independent of s. This proves that (s, ¢) is
continuous and that the continuity is uniform with respect to s. The proof that
¥ (s, ) has the same property is similar. The lemma then follows from equation (3).

LEMMA 4.3. The function whose value at t is | 5 |Q,(:, t)| is continuous and bounded
on t.

Proof. This follows from the uniform continuity in Lemma 4.2.

LEMMA 4.4. For some positive number a,, | Q.(, t)| L a, for all t in . For some
numbers f and g such that f>0 and 0<g=<1, for all t and t+h in £,

" Qu (s t+h)_ Qu sy t)" = fIA(t"'hs t)lg'
Proof. The first inequality follows from Lemma 4.3 and the inequality

194G, D)2 = fo"‘ fo’” Qu(t, 1)Qu(o, £) A, v) du do

- f " 0, DK, 1) du < K f " | Qu, )] du,
0 0

where k, is a number such that |K,(u, t)| £k, (see §6, Property (i)).
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The second part of the lemma follows from Lemma 4.2 and the fact that

[Qa(, t+h)—Q,(, 1) = L [Qn(, t+h)— Qu (¢, 1)) - (Kn(e, t+R)— Ko(s, 1))]
&)
< bo|A(t+h, 1)|° L 190, 14+ H)— 2,6, 1),

where the fact that K, (s, ¢) satisfies a Holder condition on # has been exploited.
5. Properties of T.
LEMMA 5.1. The operator T is bounded on &
Proof. For n sufficiently large, for each « in £ and each ¢ in .#,

(10) |T"at| = KQu(, 1), )] = [ Qu(e, ]| = aof«]

by Lemma 4.4. Therefore

S [*Sm Sm (m
| T|? < fo fo |Tras| | Trat | AGs, 1) ds di < a3]a|? jo fo AGs, 1) ds dr,

which shows that T™ is bounded in £ for all sufficiently large ». In particular, T2"is
bounded for sufficiently large p, from which it follows that T is bounded on & by
virtue of the fact that

17 e = (T, T ') = (T%a,0) S |17 - |a

for all « in £,

Now let s# be the Hilbert space obtained by completing the inner product
space Z, and let the extension of T to S# by continuity be denoted by the same
symbol.

THEOREM 5.1. The operator T is compact in .

Proof. Let # be any bounded set in 57, so that, for some positive number ¢,
||| £ co for all « in & Let =T, where n is the integer introduced in Theorem
4.1. Then every element of ¢ is a function continuous on #. To see this, let « be any
element of & Then there exists a sequence of functions B,, B2, Bs, . . . in & such that
lim,_, o Bx=c. Moreover, T"a=lim,..,, T"B,. Because this sequence converges,
there exists a ¢, such that |B.| £¢, for k=1,2,3,..., and hence, for all ¢ in £,
| T"Byt| < aoéo, by virtue of the relation (10). Then, for all s and s+#A in £,

| T2 B (s+h)— T*"Bys| =

L [(Kalos 5+ H) = Ko 5))- (T"B)]
é aObOEOIA(S'l'h’ s)lg,

where the same Hélder condition as was exploited in (9) has been used here. From
the fact that

| T2t — T2"B;t| < || Qa2a(s, )| [B—Bsll < a0l Bi—Bill,
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it follows that the sequence of continuous functions T2"8,, T?"B,, T2"B,,... is
uniformly convergent, so that the limit function is continuous on #. Since this
pointwise convergence implies convergence in the norm, the limit function is
T? .,

Now the functions of ¢ are uniformly bounded because, by the relation (10),
| T?"«t| <apco, for some positive number a;. Moreover, ¢ is equicontinuous
because, for each « in &, and each ¢t and t+h in £,

|T2ma(t+h)— T2 at| £ ||Qqn(t, 14+h)— Qau(s, 1)||- || £ cof |A(t+h, 1)°

by Lemma 4.4. By Ascoli’s theorem, every sequence of functions in ¢ contains a
pointwise convergent subsequence, which subsequence also converges in the norm.
This shows that T2" is compact in S Since T is self-adjoint, it follows (see, for
example, [7, p. 317], that T is compact in 5.

From the first part of this proof, it follows that every characteristic vector of T
is a function which satisfies a Hélder condition on # because every characteristic
vector of T is also a characteristic vector of T2".

6. Properties of K. For convenience, certain properties of K and its iterates are
listed here. The set & is the set obtained by removing the points (0, s,), (s, 0), and
all points of the diagonal (i.e., points of the form (s, s)) from the set .# x .#. The
number b is the exponent of the Holder condition satisfied by D{.

(i) For each positive integer n, if 1 —nb>0, then K,-|4|* " is bounded on Z;
if 1 —nb <0, then K, is bounded on & Hence, for sufficiently large n, it is possible
to define K, at all points of # x .# by continuity.

(ii) For each positive integer n, D, K, exists and, if

1—(n—1)b>0, then (D;K,)-| 4|2~ is bounded on &; if
1—(n—1)b<0, then (D,K,)-|4|%2-? is bounded on &,

(iii) If « is any function which is bounded and measurable on .#, then the func-
tion whose value at ¢ is _[ 5 (Ky(t, v)- ) satisfies a Holder condition on # with ex-
ponent min {1, nb}, for each positive integer n. In particular, if ¢ is a positive
integer such that K, is bounded on ¥ then K, . ,(i, s) satisfies a Holder condition
on # with exponent min {1, nb} for all s in 2.

(iv) If « is any function which is bounded and measurable on .#, then the func-
tion whose value at s is [, (K(, 5)-«) satisfies a Holder condition on # with
exponent b’, where b’ is any number such that 0<b’<b. In particular, if g is a
positive integer such that K, is bounded on & then K, ,(s,t) satisfies a Holder
condition on & with exponent b’ for every positive integer n and for every s in £.

(v) There exist ay, a,, b,, and b, such that a, >0, a,>0,0<b, <1,0<b,<1, and

|H(s+h, t+k)— H(s, t)| £ a;|A(s+h, s)|°1+az|A(t+k, t)|%

for all (s, ¢) in £ x £ and all 4 and k sufficiently close to zero. This statement is also
true if H is replaced by H.
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(vi) For each positive integer n, D,K,(s, t)=(—1)"*1D,K,(¢, s) for all points
(s, t) of &

(vii) If n is a sufficiently large positive integer, then D,K,(:, s) and D;K,(s, 1)
each satisfy a Holder condition on # with exponent b’, where b’ is any number
such that 0< b’ <b, for all s in £,

Properties (i) and (ii) can be proved by induction. The proofs for the case n=1
follow from the equality

_ 1 (gs—nt) Dét—(s—§&t) Dt
an KoD = s et s

The induction argument for Property (ii) outlined by Warschawski (see [6, p. 12])
for the case m=1 extends easily to the case of several contours. Properties (i) and
(ii) can then be used to prove (iii).

Property (iv) can be proved as follows. Suppose that |«s| <c, for all s in # and
that {r and {(z+k) both belong to %, and let r be a positive number such that
r<3(s;—s;_,). Let k be any number such that 2|k| <r, and let

&y = {s:20k| £ |A(s, )| £ 1}, &y = {s: |A(s, )| = 2|k|}
Then

[, & r+0-0- [ K00

co[ f O, 1, k) + f O, 1, k) + f o, 1, k)],
S - (81089 &y &2

where O(s, t, k)=|K(s, t+k)— K(s, t)|. From the expression (11) for X, it follows
by standard arguments that the first integral on the right is equal to or less than the
product of |A(t+k, t)|° and some positive number.

For all (s, ¢) such that |A(s, £)| =, let

A

X(s, 1) = %s(;—% if A(s,£) #£0,  Y(s,t) = %S(;—’Z—; if A(s, t) # 0,

= Dés  if A(s,t) =0, = Dys  if A(s,t) = 0.
Then, for each s in &, U &5, X(s,1), X(t, 5), Y(s,1), and Y(:, s) satisfy a Holder

condition on &; U &, with exponent b (see [4, p. 20]). Furthermore, K=N/nA,
where

N(s, 1) = [Y(s, ) Dét— X(s, 1) Dt }/[X*(s, 1) + Y'*(s, 1)].

Since, for some positive number d, and for all (s, ¢) in F x £, X(s, t)+ Y(s, t) > d,
it follows that N(s, <) and N(., s) satisfy a Holder condition on &, U &, with
exponent b, for each s in &; U &,.
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Since A(s, ¢) satisfies a Lipschitz condition for each s in &, it follows by Prop-
erty (i) and Schwarz’s inequality that
1

77'&1

NG, t+k) NG, 1)
AG, 1+k) AG, 1)

Ll 0, 1, k) =

S o|A(t+k, 1) log |A(t+k, 1)),

for some positive number c;.
By Property (i), for some positive numbers ¢, and c;,

Co Cao »
Lz O, 1 k) = L,, (IA(L, t+k)|1‘?+|A(z, t)l"") < eold(t+k DI,

which completes the proof of Property (iv).
Property (v) can be proved as follows.

|Hs+hy 1+ HGs, 0] S [ (KGs+h, 0+ KGs, 0] [AG, 1+ )

+ L (1K, 9| - |AG, t+K) = AG, 1))
(12) 1/q

< L |K(s+h, o)~ KGs, opu)”’" ( L IAG, t+k)|"1)
([ ko) ([ 146 - A6 01%)

lig,

for properly chosen numbers p, ¢, ps, g2 such that 1/p, +1/g;=1, 1/po+1/g.=1,
1=p;, and 1Zp..

The integral [, |K(s+h, )—K(s, 1)|”» may now be treated like the integral
{5 ©(, t, k) in the proof of (iv) above. The result is that, for some positive number
s,

p
(J; | K(s+h, ©)— K(s, ‘)|p1) ! < di|A(s+h, 5)| P00,

provided that p,(1—-5)<1.
Now A(s, t)=B(s, t)+1log (1/] A(s, t)|), where

B(s, t) = lOg (c/\/(Xz(s, t)+ Y2(S9 t)))

Since B is continuous on J x £ and |log (1/| A(:, ¢)|)|% is summable on . for every
positive number g¢,, it follows by the triangle inequality in &, that

1la,
(f |AG, t+k)|41)
5
exists and is finite.

Property (i) can be used to show that (J 4 |K(s, 1)|?2)*/”2 exists and is finite for
every p, such that p,(1-5b)<1.
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The last integral in inequality (12) can be treated as follows:

([, 186 0= 26, 01%) ™ = ([, 186, 1+8)-B6, D)) ™

{1, o 2

AQ, t+k)
Since X(s, «) and Y(s, ¢) satisfy a Holder condition with exponent b, so does B(s, ¢),
and hence

log

1/,
([, 186, t+0-B6, 01%) 5 dldqe+k, P

for some positive number d,. Now the second integral above may be written as a
sum of integrals over &,, &,, and £ — (&, U &,). Exploiting the Lipschitz condition
satisfied by A(s, ) in the first of these three integrals, applying Minkowski’s
inequality to the second, and making use of a well-known inequality for the
logarithm function in the third gives that

e

A, t+k)
for some positive number d; and some b; such that 0< b, < 1.
The proof that H satisfies a similar condition is almost exactly like that for H.
This completes the proof of Property (v).
Property (vi) can be proved by induction. That it is true when n=1 can be seen
from the expression obtained by differentiating the expression (11) for K. Since

ag\ 1/,
g ) < dy(|A(t+k, 1)} ~Ps) 1

Kys, 1) = fj (K(5, ) Kn1(or 1)) = L (Ka_r(5,9)- KG, 1))

and
[ &6o=1,
S

for each positive integer p, it follows that
D 1) = [ IDIKGs, ) (Kyae D)= Ko a5, 1)

- L [D1Ky—1(5, ) (KG, 1) K(s, 1)].

From the induction assumption and the symmetry of D, K, it then follows by an
integration by parts that

DuK(t, 5) = L [D1K (o, 1) (Kn—1( ) Kn_r(t, $))]

= (= 1y L [D1Kn- (5, ) (KGr )= K(s, )] = (= D)2 D,K(s, 1).
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The integration by parts is justified because the function

(K("’ t)—K(S, t))'(Kn-l(" s)—Kn—l(t’ S))

is continuous on %, and its derivative exists and is continuous except possibly at
s and ¢, and its derivative is summable on .£.

Property (vii) can now be proved as follows. By Properties (i) and (ii), for, p and ¢
sufficiently large, D;K,(s, «) is summable and K,(:, t) is bounded, so that

Dikyrdls, 1) = [ (DiKols, 9 Kele ),

and hence D, K, ,, is bounded. Therefore, by Property (iv), D, K, , ,+1(s, ¢) satisfies
a Holder condition on # because

Dikyeqes(s,1) = [ (Dikyecls, 9K 1),

The fact that D, K, .., t) also satisfies a Holder condition on % then follows
from Property (vi).
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