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1. Introduction. The Neumann-Poincaré integral equation arises in connection

with the Dirichlet and Neumann problems of potential theory and in connection

with conformai mapping. Warschawski [6] has proved the compactness of the

integral operator involved here under what seem to be natural smoothness con-

ditions on the boundary curve, for the case where the boundary is a single contour.

Because this proof relies heavily upon complex function theory, it does not extend

easily to higher dimensions. It is the purpose of the present paper to give a proof,

for the case of several contours, which will extend readily to higher dimensions.

2. Definitions. Let 38x,...,3Sm be bounded nonintersecting contours in the

plane whose interiors are disjoint, and let l¡ be the standard representation^) of 3d¡.

Let s0=0, let s¡ be the sum of the lengths of 38x,..., 39 h and let J = [0, sm]. Let £ be

the function defined on J so that t,s= t,xs for all * in [0, sx] and £i = £/s — i/_1) for

all s in (sj-x, Sj],j=2,..., m, and let 38 be the range of £.

Let A be the function defined for all ordered pairs (s, t) such that l,s and £/ both

belong to J1, for some7= 1,..., m as follows:

A(s, i) = s—t if \s—t\ < \(Sj—Sj-i);

= {s-O + isj-Sj-i) sgn it-s)   if |s-/| ^ ttft.-4-.a)-

A function a defined on J will be said to satisfy a Holder condition on 3d if and

only if \as — at\ -Sa\Ais, t)\" for some numbers a and b such that a>0 and 0</3^ 1.

Continuity on3# is defined analogously. Also, the derivative Da of a is that function

whose value at / is lirn4(s-0_0 ias—at)/Ais, t).

It is assumed that £ has a derivative Z)£ which satisfies a Holder condition on 38.

If £ = | + zij, then D£ and Dr¡ satisfy the same Holder condition on 3d as does Z5£.

3. The space 0* and the operator 7.    Let c be a number such that c> |£s — £/1 for

all s and / in J', and let the function A be defined on J x J (except at points is, t)

where £i=£/) by the equality A(s, /) = log (c/|£s— £/|). For any function a defined
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on J, let the fonction M be defined by the equality M(s, t) = (as)(at)A(s, /). Then,

if the double integral JJ-^ x j¡ M exists and is finite, it will be denoted by ||<x||2.

In subsequent proofs, use will be made of the fact that if ||a||2 exists, then so do

the corresponding iterated integrals, and the three are equal.

Theorem 3.1. If a is a continuous function on J, then ||a||2S:0. Moreover,

||a|2 = 0 if and only if a = 0.

A proof of this theorem for the case of a single contour with continuous curva-

ture is given on pages 157-159 of [1].

Lemma 3.1. If \\a\\2 exists and is finite, then a is summable on J.

Proof. If ||a||2 exists, then J"0m as at A(s, t) ds exists for almost all / in J, which

implies that, for almost all / in J, the function a- A(i, /), where i is the identity

function from J to </, is summable on J. Moreover, 1/A(t, /) is continuous on

«/ — {/} and bounded there. Therefore a is the product of a summable function and

a bounded measurable function; hence it is summable on J.

Theorem 3.2. If \a\2 exists and is finite, then ||a||2äO.

Proof. This theorem can be proved by making use of ideas in the proof of

Lemma 1, p. 9, of [6].

It can be shown that, if ||o¡||2 and ||f3||2 exist and are finite, then the integral

Hsxs P, where P(s, t) = (as)(ßt)A(s, t), exists and is finite. This shows that the set

of all functions a such that |a||2 exists and is finite can be regarded as an inner

product space with the inner product <a, ß} given by the above integral. Let two

functions a and ß of this space be called equivalent if and only if |o¡—ß\\ =0, and

let a representative be chosen from each equivalence class. Let 0> be the inner

product space of representatives.

To discuss the classical Neumann-Poincaré integral equation, it is convenient

to introduce the linear operator T in 0> defined as follows. Let Y be the function

defined for each pair (x, y) of real numbers such that x2 + y2^0 by the equality

r(x,v) = iog(c/v(x2+>'2)),

let DUtT be its directional derivative in the direction of the vector ut= — D-nt

+ iD£t, and let

K(s, t) = (l/Tr)DUir(ts-èt, rp-nt),

for each ordered pair (s, t) in J x J except (slf 0), (0, sx), and those for which s=t.

Since K is continuous on/x/ except on a set of measure zero, it is measurable

there. Moreover (see §6, Property (iii)), because the function whose value at s is

J^r \K(s, t)| satisfies a Holder condition on 38, it is bounded and measurable on J.

If ||a||2 exists, then, by Lemma 3.1, a is summable on J, and it follows that the

integral j0m §s0m \asK(s, t)\ dt ds exists. Then, by Fubini's theorem, the function Ta

whose value at / is \¿ (a-K(i, /)), is summable on J.
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Theorem 3.3. //|H|2 exists, then \\Ta\\2 exists.

Proof. It is not difficult to show that the function H such that

R(s,t) = j^(\K(s,¿)\A(i,t))

is continuous on J x J (see §6, Property (v)) and then that, for every function a for

which ||aj|2 exists, the function ß such that ßx=\j (\a\-H(i, x)) is continuous on J.

If ||a||2 exists, Ta is summable on J, and hence \¿ {ß-1 Tu\) exists. But

f  (j3-|ra|) =  f" f" f" |«x| \K{x,t)\ \Tas\Ait, s) dt dx ds = ¡Ta\\\
JJ Jo   Jo   Jo

by virtue of a generalization of Fubini's theorem to three-place functions. This

completes the proof.

/Therefore T is an operator in 0. For « = 2,3,4,..., Tnat=¡, (a-Kn(i, /)),

where Kn(s, /)=JV (Kn-X(s, i)-K(i, /)) and KX = K. Since the function H for which

H(s, t)=\j (K(s, i)- A(i, /)) has the property that H(s, t) = H(t, s), as can be shown

from Green's second identity, it follows that, for every a and ß in 0, (Ta, ß}

= <«,TjS>.

4. Definition and properties of Qn. In classical potential theory (see, for ex-

ample, [5, p. 299]), it is shown that there exists an orthonormal set {<px,..., <pm} of

functions such that lV,=<p, for j= 1,..., m. Moreover, these functions have the

properties that, for some nonzero real numbers cu ..., cm,

.,. '   <Pk = ck   ifk=j
(1) Jsi-i

= 0    ifk^j,

for k,j=l,..., m, and

j   (<prA(s,i)) = I/Cj   if £ji
(2)

= 0       if £j e 38k for k ? j,

for 7=1,..., m. Since <pj=Tn(pj for j= 1,..., m and for every positive integer «,

it follows from Property (iv) (see §6) that the <p's satisfy a Holder condition on 36.

Theorem 4.1. Ifin is a sufficiently large positive integer, there exists a function L\

such that, for each s and t in J, Kn(s, t) = \j (Qn(t, /)• A(i, s)), and, for each t in J,

Q„(i, /) is continuous on 39.

For a proof of this theorem, see [6, p. 15].

Let / be the identity mapping of the complex plane onto itself, and, for each /

in J', let <b'e(I, t) he the solution of the exterior Dirichlet problem for 38 with

boundary values Kn(i, i). Since, for each / in J, DiKn(i, t) satisfies a Holder
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condition on 88 if zz is sufficiently large (see §6, Property (vii)), it follows (see [3,

p. Ill]) that for each (s, t) in Jv.J, lim2^Cs Duf&'e(z, t) exists, and the function

whose value at í is given by this limit is continuous on 88. Therefore, since the

operator T is compact in H2[0, sm] (see [7, pp. 326-329]), it follows by the Fred-

holm theory that there is a function Qn such that ii„(t, /) is continuous on 38 and

such that

lim <5e(z, /) = 0
a-, co

and

lim Duß>e(z, t) = lim <S>'e(z, /),
z-*Zs z-*Zs

where

<te(z,/) = ^(ñ^/).iog(c/|z-<:|))

for all / in ./and all z in 3Se, the unbounded region determined by 8§. Since <1>^(7, /)

— <J>e(7, /) is a function which is harmonic in 3Se and whose normal derivative is

zero on 38, it follows by the uniqueness, to within an additive constant, of the

solution of the Neumann problem, that there is a function y on J to J such that

®'eiz,t)-®eiz,t) = yt

for all z in 3Se. An explicit expression for the function On whose existence is

asserted in Theorem 4.1 is given by the equality

QB(i, /) = QB(», t) + iyt)co,

where co = 2f« i cyp¡.

Let

<D,.(z,/) = ^(í2n0,/).log(c/|z-¿:|))

for each z in 3S¡, where 38¡ is the union of the interior regions determined by 38, let

%is, t) = lim Duß>;(z, t),

let

<De(z,/) = £(Ün(t,/)-log(c/|z-a))

for each z in 3Se, and let

T.(j, /) = Jim Z)Us<De(z, /).

Then, by the well-known behavior of the normal derivative of the potential due to a

single-layer distribution,

(3) Û»   =   (1/277)0^-^;).
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Lemma 4.1. There exist functions A¡ and Ae such that, for all t in J,

(4) - 1"" A,.(í, t)DuY(x -{s,y-vs)ds= <P,.(z, /)
"■ Jo

for all z in 39¡, where z=x+iy; and

1    fSm
Ae(s, t)DuY(x -ts,y—qs) ds

77 Jo

(5) Cs   I m \ c

+Jo (2 (^)(<p*o - (««Xyo I log j£—g *+Yt = *&, o

/oz* all z in 39e. Moreover, for each s in J, DiA¡(s, i), D±Ae(s, i), ^iA,(', s), and

DxAe(i, s) exist and satisfy Holder conditions on 38, uniformly with respect to s.

Proof. Since lim2_c„ <5>¡(z, t) = Kn(v, t), one can show, by using the well-known

discontinuous behavior of a potential arising from a double-layer distribution and

the uniqueness of the solution of the Dirichlet problem, that there exists a function

A; satisfying equation (4) if and only if the integral equation

(6) Afp, /) + £ (At(x, t) ■ K(v, 0) - Kn(v, t)

has a solution. Since (see [7, pp. 326-329]) the operator T is compact in -£?2[0, sm],

the Fredholm theory is applicable. The homogeneous equation corresponding to

(6) has no nontrivial solutions, and hence for each / in J, equation (6) has a unique

solution A,(i, /). It satisfies the equation

(7) A;(v, /) + (-1)" + 1 f  (A;(t, t)-Kv(v,.)) =  2 (-lïKn + j(v, t)
Js j = 0

for each positive integer p, as may be proved by induction on p, equation (6) being

the statement for p = 1. A solution of this equation for the case where p = 2« is

given by the expression

an-l r /. -,

\<v, t)= 2 (-i)'[iwi>, o+J^ 0W', t)-p(V, o)J.

where P is the Fredholm resolvent for the kernel K2n. From this expression it

follows that A,- is bounded on/x/ and A¡(v, i) satisfies a Holder condition on 39

uniformly in v, since the functions Jjl'o1 (— 1)^ + ; and P are both bounded on

JxJ, and the function ^"ô1 (— iyKn+j(v, i) satisfies a Holder condition on 39

uniformly in v (see §6, Property (iv)). Moreover, if p is taken to be 2« in equation

(7), it follows that, for each v in J, DxA¡(v, i) exists and

r> 2n-l

(8) DA(M)=       (Ai(c,t)-DxK2n(v,x))+   2 (-iyDxKn+j(v,t),
JJ /to

differentiation under the integral sign being justified because A'(t, t)- DxK2n(v, t) is
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summable for ail z;and / in J. Now from the facts that DxK2n is bounded on/x/

and that DxKn(v, i),..., DxK3n„x{v, t), and A,(z;, t) satisfy Holder conditions on 8$

uniformly with respect to v, it follows by (8) that DxA,iv, i) satisfies a Holder

condition on 88, uniformly with respect to v.

Furthermore, since A,- is bounded on Jy.J and DxKn(i, /),..., DxK3n-i(i, t)

satisfy Holder conditions on 88 uniformly with respect to / (see §6, Property (hi)), it

follows from (8) that DiA¡(i, t) satisfies a Holder condition on 38, uniformly with

respect to /. Similarly, DXA¡ is bounded on J x J. This completes the proof of

the statements about A,- in the lemma.

A similar treatment of <3>'e is impossible because the integral equation corre-

sponding to (6) in this case would be

\(v, /)-£ (Ae0, t)K(v, .)) = - Kn(v, /),

which has no solution because the associated homogeneous equation

Ae(v,t)-j^(Ae(i,t)K(i,v)) = 0

has solutions which are not orthogonal in ^2[0,sm] to the function — Kn(i, t).

However, the integral equation

(A,(«, t)-K(v, <-)) = -Kniv, /)+ 2 (prfWit),

where pjv=$s(<pj-A(v, ¿)), does have a solution Ae(i, t), which then has the

properties that

m

lim H(z, /) = Kn(v, /)- Y QijvXnt)
i-e» /ri

and lim^o, 3(z, /)=0, where

S(z, /) = (I/77) £" Ae(j, t)DuTix- íí, v-tzj) ds,

z = x+iy. Hence the function whose value at z is

tn /*

S(z, /)+ 2 fa)      (<prlog(c/\r-z\)),
j = l J*

has the same limit on 88 as does <b't(I, /), but its limit at infinity is zero, whereas

l^^oo <b'eiz, t)=yt. From these considerations, equation (5) follows.

As can be proved by induction, Ae(t, /) also satisfies the equation

J. p-l m
(Ae(t, t)-Kp(v, 0) = - 2 *» + *(»' 0+/> Z 0*y»)(ViO.

■f fc=0 i = l
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for each positive integer p. A solution of this equation for the case where p = 2« is

given by the relation

2n-l m

\(v, t) = - 2 *»+*(». 0+2« 2 GvOfoO
fc=0 i=l

/2n-l

+L ((fc?o *B+k(t' /)+2h ? (^í)^)'p(t,'i))-

The argument to show that 7>iAe has the properties stated in the lemma now pro-

ceeds like that for DXA¡.

Lemma 4.2. For each s in J', Qn(s, i) is continuous on 39, and the continuity is

uniform with respect to s.

Proof. For each (s, t) in J x J,

V¿s,t) = j^(DMt,t)E(hs))

and

Ye(s, t) =       (DxAe(c, t)-E(i, s))+ 2 (<zV)(W),
Js y=i

where

E(V,S) = (l/2Tr)[(Çs-tv)(Dts) + (VS-rlv)(DVs)]/[(ts-tv)2 + (r,S-riv)2],

and where the Cauchy principal value of each integral is understood (see [2, p. 46]).

Now if r is a sufficiently small positive number, there exist functions 6\ and e2,

defined on the set

{i>:0< \A(v,s)\ ^r},
such that

\exv-s\ < \A(v,s)\,       \e2v-s\ < \A{v,s)\,

and

E{v, s) = Z{v, s)/A{s, v),

where

Ziv,s) = [iDCexv)iD{s) + iD7ie2v){Dr,s)]/[{Dtexv)2 + iDr,e2v)2].

Also, for each sufficiently small positive number r, there is a positive number «r

such that \E{w, s)\ < Kr for all (w, s) in the set

JxJ-{(w, s) : \A{w,s)\ ^ r}.

For each i in J, let ßs be the inverse of the function A{s, i), and let vx=ßs{-r)

and v2=ßsr. Then, by Lemma 4.1, there exist numbers/ and gx such that/>0,

0<gx ^ 1, and for all « for which (/+«) e./,

|Y,.(5,/+«)-Y;(i,/)| ^ 2{Kr)fiSm\A{t+h,t)\'x

{cpv) P [(DiA/,, /+«)-D1A,.(t, /))■£(., j)]
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Since DC, Dr¡, and DxA;ii, t) satisfy Holder conditions on 38 and since (DC)2

+ (Drf)2 = 1, it can be shown by standard arguments (see, for example, [4, §6, 2°

and 3°]) that, for r sufficiently small, for some positive number dx and some d2

such that 0 < d2 S 1, for all s in J, and for all u such that 0 < u S r,

\DxAi(ßs(-u),t)Z(ßs(-u),s)-DxAi(ßsu,t)Z(ßsu,s)\ S dx\2u\S

whence

(cpv) f2(7)1AI.(l,/)F0,i))

=   lim  I f"   ^(D.A^^-E^s^+r (D.A^^-E^s))
«-0+   | JVl Jgsq

=   lim  I [ [DxAi(ßs(-u),t)Z(ßl-u),s)-DxA^ßsu,t)Z(ßsu,s)]\du
<j-*o+ I jq u

2d2dx(rd2-qd2)
mu
-.0 +

The integral

S   lim 1V ,-2_^ = dxi2r)d2/d2.
«-0+ «2

(cpv) P2 (DA-G, t+h)-E(hs))
Jvi

can be treated in exactly the same way. Therefore

lYKM+A)-^,/)! = 2(Kr)/lím|A|»i+2í/1(2r)d2/í/2.

By choosing r sufficiently small, and then A, it is possible to make

\Yfat+h)-Yfy,t)\

arbitrarily small, and the choice of A is independent of s. This proves that ^¡(s, i) is

continuous and that the continuity is uniform with respect to s. The proof that

*Fe(j, i) has the same property is similar. The lemma then follows from equation (3).

Lemma 4.3. The function whose value at t is jj¡ |í2n(t, /)| is continuous and bounded

on J.

Proof. This follows from the uniform continuity in Lemma 4.2.

Lemma 4.4. For some positive number a0, ||£2„(i, /)|| Sa0for all t in J'. For some

numbers fand g such thatf>0 andO<gS I, for all t and t + hin J,

||Dn0,/+A)-Qn0,/)| Sf\A(t+h,t)\°.

Proof. The first inequality follows from Lemma 4.3 and the inequality

l|Q»(', Oil2 = f" f" Q»(«, 0«»(», t)Aiu, v) du dv
Jo   Jo

=  \ m Qn(u, t)Kn(u, t) du S K P" |Q,,(ii, 01 du,
Jo Jo

where kn is a number such that \Kn(u, t)\Skn (see §6, Property (i)).
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The second part of the lemma follows from Lemma 4.2 and the fact that

||QB(t, f+A)-Q„(., /)||2 =  f  [£2tt(t, t+h)-an(x, t))(Kn(x, t + h)-Kn(x, /))]

(9) ^ .
è b0\A(t+h, 0|' J^ |£i,(», t + h)-£ln(x, 0|,

where the fact that Kn(s, i) satisfies a Holder condition on 39 has been exploited.

5. Properties of T.

Lemma 5.1. The operator T is bounded on 0.

Proof. For « sufficiently large, for each a in 0 and each / in J',

(io) |r»«i| = |<nBo, /), «>| s \\an(h oil • HI è a0\\a\\

by Lemma 4.4. Therefore

|7na||2 < fm fm |rvs| \Tnat\A(s, t)dsdt S aoH2 fm fm A(s, /)**,
Jo    Jo Jo    Jo

which shows that Tn is bounded in 0 for all sufficiently large n. In particular, F2" is

bounded for sufficiently large p, from which it follows that T is bounded on 0 by

virtue of the fact that

¡J2'-1a||2 = (T2V-\, F2""1«) = <r2Pa, a> ^  || J2"a|| • ||a||

for all a in 0.

Now let 3tf be the Hubert space obtained by completing the inner product

space 0, and let the extension of J to ^f by continuity be denoted by the same

symbol.

Theorem 5.1. The operator T is compact in 2*C

Proof. Let !F be any bounded set in ^ so that, for some positive number c0,

|| «|| á c0 for all a in 3?. Let (S= T2n^ where « is the integer introduced in Theorem

4.1. Then every element of ?§ is a function continuous on 38. To see this, let a be any

element of &. Then there exists a sequence of functions ßx, ß2, ß3,... in 0 such that

limfc-,00 ßk = a. Moreover, Tna=limk^œ Tnßk. Because this sequence converges,

there exists a c0 such that \\ßk\\ ̂c0 for k= 1, 2, 3,..., and hence, for all / in J,

\Tnßkt\ ^a0c0, by virtue of the relation (10). Then, for all s and s + h in J,

\T2"ßk(s+h)-T2"ßks\ = ¿ [(*.(.,*+A)-*»(»,*)) -CH3fc)]

^ a0boCo\A(s+h,s)\g,

where the same Holder condition as was exploited in (9) has been used here. From

the fact that

|r*73fc/-r2»/L/| g ||Qail(.,0IHI&-iM ̂ «olA-ftl.
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it follows that the sequence of continuous functions T2nßx, T2nß2, T2nß3,... is

uniformly convergent, so that the limit function is continuous on 88. Since this

pointwise convergence implies convergence in the norm, the limit function is

T2na.

Now the functions of <& are uniformly bounded because, by the relation (10),

| T2nat | S a'0cQ, for some positive number a'0. Moreover, IS is equicontinuous

because, for each a in ^ and each / and t+hinJ,

\T2"a(t + h)-T2«at\ S ||ß2n0,/ + A)-i22n0,/)||.||a|| S c0fi\A(t + h, t)\°

by Lemma 4.4. By Ascoli's theorem, every sequence of functions in & contains a

pointwise convergent subsequence, which subsequence also converges in the norm.

This shows that T2n is compact in 3V. Since T is self-adjoint, it follows (see, for

example, [7, p. 317], that J is compact in 3t.

From the first part of this proof, it follows that every characteristic vector of T

is a function which satisfies a Holder condition on 38 because every characteristic

vector of T is also a characteristic vector of J2\

6. Properties of K. For convenience, certain properties of K and its iterates are

listed here. The set if is the set obtained by removing the points (0, sx), (sx, 0), and

all points of the diagonal (i.e., points of the form (s, s)) from the set Jx.J. The

number b is the exponent of the Holder condition satisfied by Dt,.

(i) For each positive integer n, if 1 -nb>0, then Kn- l^l1""6 is bounded on I?;

if 1 — zz/z < 0, then Kn is bounded on if. Hence, for sufficiently large zz, it is possible

to define Kn at all points of J x J by continuity.

(ii) For each positive integer zz, DxKn exists and, if

1 -(«- l)Zz>0, then (DxKn)-\A\2-nb is bounded on Ü; if

l-(zz-l)A<0, then (DxKn)-\A\2~b is bounded on if.

(iii) If a is any function which is bounded and measurable on J, then the func-

tion whose value at / is jj, (Kn(t, ¿) ■ a) satisfies a Holder condition on 88 with ex-

ponent min{l,n¿z}, for each positive integer n. In particular, if q is a positive

integer such that Kq is bounded on if, then Kq+n(i, s) satisfies a Holder condition

on 38 with exponent min {1, nb} for all s in J'.

(iv) If a is any function which is bounded and measurable on J, then the func-

tion whose value at s is \j(K(i, s)-a) satisfies a Holder condition on 38 with

exponent b', where b' is any number such that 0<b'<b. In particular, if q is a

positive integer such that Kq is bounded on ¿f, then Kq+n(s, i) satisfies a Holder

condition on 88 with exponent V for every positive integer zz and for every s in J.

(v) There exist ax, a2, bx, and b2 such that ax > 0, a2 > 0, 0 < bi < 1, 0 < b2 < 1, and

\H(s+h,t+k)-H(s,t)\ S ai\A(s+h,s)\>>i+a2\A(t+k,t)\b2

for all (s, t)inJy.J and all A and k sufficiently close to zero. This statement is also

true if H is replaced by H.
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(vi) For each positive integer «, DxKn(s, t) = (—l)n + 1DxKn(t,s) for all points

(s, t) of ST.

(vii) If « is a sufficiently large positive integer, then DxKn(i, s) and DxKn(s, i)

each satisfy a Holder condition on 39 with exponent b', where b' is any number

such that 0 < b' < b, for all s in J.

Properties (i) and (ii) can be proved by induction. The proofs for the case « = 1

follow from the equality

(11) K(s' ° - «     (ts-etr-Hvs-vt)*

The induction argument for Property (ii) outlined by Warschawski (see [6, p. 12])

for the case m = 1 extends easily to the case of several contours. Properties (i) and

(ii) can then be used to prove (iii).

Property (iv) can be proved as follows. Suppose that |o¡í| <c0 for all s in J and

that £< and tft+k) both belong to 39¡, and let r be a positive number such that

r<\(sj—sj-i)- Let k be any number such that 2\k\ <r, and let

Sx={s: 2\k\ S \A(s, 0| ^ r},       £2 = {s: \A(s, t)\ Ï 2\k\}.

Then

I   f   (K(c,t + k)-a)-i   (K(t,t)-a)
I Jjf Jjf

è Co \ f eo, t,k)+{  0(«, t,k)+[  ©(«, /, k)\,
LJjr-(^iuá,2) Jffl J^2 J

where Q(s, t, k)= \K(s, t+k) — K(s, t)\. From the expression (11) for K, it follows

by standard arguments that the first integral on the right is equal to or less than the

product of \A(t + k, t)\" and some positive number.

For all (s, t) such that \A(s, t)\-&r, let

X(5't) = AW)   tf^<)*0,        F(í,0 = ^5   ifA(s,t)*0,

= D£s      if A(s, /) = 0, = D-ns      if A(s, t) = 0.

Then, for each s in SX\J g2, X(s, i), X(i, s), Y(s, î), and Y(i, s) satisfy a Holder

condition on Sx u ê2 with exponent è (see [4, p. 20]). Furthermore, K=N/ttA,

where

N(s, t) = [Y{s, t)D(t-X{s, t)Dvt]/[X2is, t)+ Y\s, /)].

Since, for some positive number d0 and for all is, t) in J x J, X\s, t) + Y2{s, t) > d0,

it follows that N{s, i) and A^t, s) satisfy a Holder condition on Sx u S2 with

exponent b, for each j in Sx u ¿"2.
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Since A(s, i) satisfies a Lipschitz condition for each j in 6\, it follows by Prop-

erty (i) and Schwarz's inequality that

JSX 77 J>x  |  A(l, t

N(i, t + k)   N(i,t)
+k)   A(c,t)

S Ci\A(t + k,t)\" log \A(t + k,t)\,

for some positive number ct.

By Property (i), for some positive numbers c2 and c3,

L0(i'u k) - L (\a(J:w-\+]äut^ -cM{t+K or'

which completes the proof of Property (ivj

Property (v) can be proved as follows.

\H(s + h,t + k)-H(s,t)\ s\  (\K(s + h,i) + K(s,C)\-\A(i,t + k)\)

+ ^(\K(s,C)\-\A(l,t + k)-A(l,t)\)

S (jjKis+^O-Kis,^1'"1 (J^|A(t,/+A:)h)1/51

+ ^\K(s,l)\p2yP2^\A(i,t+k)-A(l,t)\''2yi

for properly chosen numbers px, qi,p2, q2 such that l/pi + l/qx = l, l/p2+ l/q2 = 1,

1 Spu and 1 Sp2-

The integral \¿ \K(s+h, i) — K(s, t)|Pl may now be treated like the integral

Jjr ©(., /, k) in the proof of (iv) above. The result is that, for some positive number

di,

(f  \K(s+h,l)-K(s,l)\piYIPl S ¿il^j+A,*)!«1"^-"-",

provided that px(l — b) < 1.

Now A(s, t) = B(s, /)+log (l/\A(s, t)\), where

B(s, t) = log (c/V(X2(s, /)+ Y2(s, /))).

Since B is continuous on J x./ and |log (1/|^0, ODI*1 is summable on J for every

positive number qx, it follows by the triangle inequality in H,Ql that

i/«,(£|A(.,/+*)|«i)lrt

exists and is finite.

Property (i) can be used to show that ({^ \K(s, i)!"»)1"'* exists and is finite for

every /z2 such that p2(l —b)<l.
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The last integral in inequality (12) can be treated as follows:

(£ |A(t, t + k)-A(x, z)!^1"2 g (£ \B(x, t + k)-B(x, Oh)'"2

+ÍÍ hog  A{ht) Ih

365

«c\ l'«c

Since AYj, t) and Y(s, t) satisfy a Holder condition with exponent b, so does B(s, i),

and hence

(J"   |7J(t, *+*)-£(., Z)!«^1"2 g o-2M(/+/c,

for some positive number d2. Now the second integral above may be written as a

sum of integrals over Sx, S2, and J—(Sx u S2). Exploiting the Lipschitz condition

satisfied by A(s, i) in the first of these three integrals, applying Minkowski's

inequality to the second, and making use of a well-known inequality for the

logarithm function in the third gives that

(LhA(i, t)
A(i, t + k)

9,\ 1/9\llq2

j      úd¿\A(j+k,t)\1-''»)1«'»

for some positive number d3 and some b3 such that 0 < b3 < 1.

The proof that 77 satisfies a similar condition is almost exactly like that for 77.

This completes the proof of Property (v).

Property (vi) can be proved by induction. That it is true when « = 1 can be seen

from the expression obtained by differentiating the expression (11) for K. Since

Kn(s,t)=  f (K(s,¿)Kn_x(ht))=  f  (Kn„x(s,x)K(i.,t))
Jjf is

and

£*,(*, 0 = 1,

for each positive integer p, it follows that

DxKn(s, t) = J"   [DxK(s, 0(*n-i0, t)~Kn-i(s, 0)1

= £ [DiKn.i(s, ¿)(K(h t)-K(s, t))].

From the induction assumption and the symmetry of DXK, it then follows by an

integration by parts that

DxKn(t, s) = £ [DxK(x, t)-(Kn_x(x, s)-Kn_x(t, s))]

= (-1)" + 1 £ [DiKn.i(s, x)(K(x, t)-K(s, t))] = (-iy + 'DxKn(s, t).



366 E. J. SPECHT AND H. T. JONES

The integration by parts is justified because the function

(K(i, t) - K(s, /)) • (Kn_,.(., s) - Kn _ i(t, s))

is continuous on 38, and its derivative exists and is continuous except possibly at

s and /, and its derivative is summable on J.

Property (vii) can now be proved as follows. By Properties (i) and (ii), fot p and q

sufficiently large, DxKp(s, t) is summable and Kq(i, t) is bounded, so that

DxKp+q(s, t) = ^ (DxKp(s, 0■£,(*, /)),

and hence DxKp+q is bounded. Therefore, by Property (iv), DxKp+q+xis, i) satisfies

a Holder condition on 38 because

DxKp + q + x(s, t) = j^(DxKp + q(s, O-^O, /)).

The fact that DxKp+q+x(i, t) also satisfies a Holder condition on 38 then follows

from Property (vi).

Bibliography

1. T. Carleman, Über das Neumann-Poincarésche Problem für ein Gebiet mit Ecken, Uppsala

Dissertation, 1917.

2. O. D. Kellogg, Potential functions on the boundary of their regions of definition, Trans.

Amer. Math. Soc. 9 (1908), 39-50.

3. -, Harmonic functions and Green's integral, Trans. Amer. Math. Soc. 13 (1912),

109-132.

4. N. I. Muskhelishvili, Singular integral equations, Noordhoff, Groningen, 1953.

5. W. J. Sternberg and T. L. Smith, The theory of potential and spherical harmonics, Univ. of

Toronto Press, Toronto, 1946.

6. S. E. Warschawski, On the solution of the Lichtenstein-Gershgorin integral equation in

conformai mapping, Nat. Bur. Standards Appl. Math. Ser. 42 (1955), 7-29.

7. A. C. Zaanen, Linear analysis, Noordhoff, Groningen, 1956.

Andrews University,

Berrien Springs, Michigan


